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The concept of symmetry breaking and the emergence of corresponding local order parameters
constitute the pillars of modern day many body physics. We demonstrate that the existence of
symmetry breaking is a consequence of the geometric structure of the convex set of reduced density
matrices of all possible many body wavefunctions. The surfaces of these convex bodies exhibit
non-analyticities, which signal the emergence of symmetry breaking and of an associated order
parameter. We illustrate this with three paradigmatic examples of many body systems exhibiting
symmetry breaking: the quantum Ising model, the classical Ising model in two dimensions at finite
temperature and the ideal Bose gas in three dimensions at finite temperature. This quantum state
based viewpoint on phase transitions provides a unique novel tool for studying exotic quantum
phenomena.
Ground states of quantum many body Hamiltonians
composed of local interactions are very special: in order
to minimize the energy expectation value they have ex-
tremal local correlations, but those correlations must be
compatible with the global symmetry of the many body
Hamiltonian such as translation invariance. The compe-
tition between those two requirements is responsible for
the emergence of the typical long-range properties as ex-
hibited in strongly correlated materials. This is best illus-
trated by the S = 1/2 Heisenberg antiferromagnet: the
energy density would be minimized if all nearest neighbor
reduced density matrices (RDMs) were singlets, but due
to the monogamy properties of entanglement [1, 2], this
is not compatible with the translation invariance of the
ground state. Hence the symmetry requirements smear
the entanglement out into a globally entangled state with
algebraically decaying correlations and (quasi) long range
order.
This competition is nicely reflected in the convex set of
the RDMs of all possible pure and mixed quantum many
body states of the entire system [5]. The relevance of
such convex sets was first realized by Gibbs [6–8], as all
thermodynamic properties of the systems under interest
can be read off from the geometric features of this set and
phase transitions correspond to non-analyticities, which
arise by considering convex hulls of analytic functions [9].
Such convex sets were also used in the context of the N -
representability problem in quantum chemistry to illus-
trate quantum phase transitions in lattice systems [10–
13], and in the context of discussions on the monogamy
of entanglement and mean field theory in [14].
Along this line, let us for example consider a lattice of
spin-1/2 quantum systems, take random quantum states
ρα, and make a scatter plot of the expectation values
〈Z〉 ≡ Tr (ρα
∑
i Zi) and 〈XX〉 ≡ Tr
(
ρα
∑
〈ij〉XiXj
)
,
where X and Z are Pauli matrices and the sum is over
nearest neighbors only. This is equivalent to restricting
to translation invariant states ρTIα and measuring the 1 or
2-site observables Z and X⊗X, for which only the 2-site
RDM is needed. As these terms do not commute, a large
expectation value 〈XX〉 will lead to a small expectation
value 〈Z〉, giving rise to a curved boundary of the gener-
ated set. Due to the convexity of the set of 2-site RDMs,
the generated body is also convex and corresponds to a
two-dimensional projection of the full 15-dimensional set
of all possible 2-site RDMs. The extreme points of this
set correspond to ground states of a family of quantum
Ising Hamiltonians of the form
H = −J
∑
〈i,j〉
XiXj −Bz
∑
i
Zi. (1)
Indeed, surfaces of constant energy are represented by
lines E = −J 〈XX〉 − Bz 〈Z〉 in this plot, where their
orientation is given by the parameters J , Bz and their
distance to the origin is proportional to (minus) the en-
ergy. Hence the expectation values of the states with
minimal energy must correspond to extreme points for
which the lines are tangent to the convex set, or equiva-
lently, every point on the boundary of the generated set
corresponds to the ground state of (1) with parameters
given by the orientation of the tangent line through that
point.
The situation becomes much more interesting and the
presence of symmetry breaking becomes immediately ev-
ident when adding an extra axis corresponding to the
expectation value of 〈X〉 ≡ Tr (ρα
∑
iXi) to the scatter
plot. The extreme points of the resulting convex set now
correspond to ground states of the quantum Ising model
including a symmetry breaking longitudinal field
H = −J
∑
〈i,j〉
XiXj −Bz
∑
i
Zi −Bx
∑
i
Xi. (2)
In Fig. 1 we show the surface of this set in zero, one and
infinite spatial dimensions (see [4] for a scatter plot).
For an infinite system in d ≥ 1 spatial dimensions we
witness the emergence of a ruled surface with all lines
parallel to the new axis, which turns out to be the defin-
ing signature for symmetry breaking. Indeed, all points
on such a line are ground states to the same instance of
(2) – with parameters given by the orientation of the tan-
gent plane [15] – but with different values of 〈X〉. This
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2Figure 1. Convex sets of the nearest neighbor correlation 〈XX〉, transverse magnetization 〈Z〉 and longitudinal magnetization
〈X〉 for all possible translation invariant states on an infinite lattice of S = 1/2 spins in (a) d → ∞ and (b) d = 1 spatial
dimensions, as well as (c) d = 0 spatial dimensions (all possible states of two spins). We plot the surfaces of extreme points
of these sets, corresponding to ground states of (2) for J = ±1 and various values of Bz and Bx > 0 (due to symmetry we
only plot the upper half). Blue lines represent points with constant Bx and varying Bz. In (b), the black line corresponds
to the exact solution for Bx = 0 [3] and points A and A
′ mark critical points, where at A a ruled surface (green) emerges,
signaling a degeneracy of the ground state, which leads to symmetry breaking and a finite value of the order parameter 〈X〉,
with a critical exponent of 1/8 (see main text). In all three cases, the red line corresponds to J = 0 and thus separates regimes
of ferromagnetic (J > 0) and antiferromagnetic (J < 0) coupling. For further details, in particular about the blue top plane,
see [4].
implies that the ground state is not unique and there is
symmetry breaking, as an infinitesimal perturbation of
the form of a longitudinal magnetic field 
∑
iXi to the
Hamiltonian (1) will break the symmetry, and make sure
that the magnetization of the ground state will be polar-
ized in the x-direction with a magnitude given by the ex-
treme points of the convex set lying on the border of the
ruled surface. 〈X〉 is then obviously the order parameter,
and the shape of the border of the ruled surface encodes
all the information about the ground state expectation
values such as the order parameter as a function of the
(transverse) magnetic field Bz.
Furthermore, from Fig. 1 we observe three additional
remarkable but obvious facts. (i) The convex set of
the zero-dimensional case completely contains the one-
dimensional set, which in turn completely contains the
infinite-dimensional case. This reflects the fact that more
and more symmetry constraints (e.g. translation invari-
ance along an increasing number of spatial dimensions)
restrict the convex set of possible 2-site RDMs further
and further. (ii) The ruled surfaces only arise in the
thermodynamic limit, hence demonstrating the need for
the well known fact that the order parameter is obtained
by first taking the limit of the system size to infinity
and only then the longitudinal magnetic field to zero. In
[12, 13], the concept of speed was introduced to describe
the curvature of convex sets of systems on finite lattices,
and observed to diverge when doing finite size scaling.
(iii) We can extract critical exponents by investigating
the geometry of the convex set around the critical point
[16]. More generally, any thermodynamic property of the
system such as susceptibilities can be read off from this
convex set and the properties of its surface, hence demon-
strating the power of such convex set plots (see also [4]).
3Figure 2. Convex set of the average nearest neighbor correla-
tion 〈zizj〉, the entropy per site S, and the expectation value
of the magnetization per site 〈zi〉 for all possible probability
distributions of classical spin configurations on an infinite 2D
square lattice. The surface of extreme points corresponds to
Gibbs states of the classical Ising model on a square lattice,
given by E = −J∑<i,j> zizj − h∑i zi, for a range of val-
ues of the interaction strength J , the magnetic field h and
temperature T [4]. The blue lines correspond to points with
constant magnetic field h and varying temperature T , while
the red line corresponds to J = 0, separating the ferromag-
netic (J > 0) from the antiferromagnetic (J < 0) regime. The
black line represents the exact solution at h = 0 [17]. Beyond
the critical point A an emerging ruled surface (green) again
signals symmetry breaking. The bifurcation point B with pa-
rameters J = −1 and h = 4 gives rise to an exponentially
degenerate lowest-energy state with a non-zero value of the
entropy as T → 0.
Notice that in these pictures ruled surfaces and non-
analyticities arise without any reference to any underly-
ing Hamiltonian. It is rather the choice of a collection
of plotted observables that enables access to thermody-
namic properties of a corresponding Hamiltonian defined
by this collection. The occurrence of symmetry breaking
is therefore encoded in the geometrical structure of a cer-
tain projection of the convex set of all possible RDMs,
and quantum phase transitions are a consequence of the
geometry of such convex sets.
In the case where one would like to learn about sym-
metry breaking phase transitions of a particular Hamilto-
nian without knowing the order parameter, one can still
use a random observable as additional axis. In general a
random observable will have a finite contribution of the
true order parameter, thus still generating ruled surfaces,
albeit not with maximal extent. In order to find the true
order parameter one can then optimize over random ob-
servables to obtain the maximal extent of the emerged
ruled surfaces [4].
The general features of the plots in Fig. 1 are clearly
generic for second order phase transitions. Note that in
the case of first order phase transitions, one would not
need to add an extra axis (corresponding to the order pa-
rameter) to witness symmetry breaking, and this would
already be present at finite size (see [14] for an example).
Figure 3. Convex set of the kinetic energy 〈∇ψ†∇ψ〉, the
entropy S and (the absolute values of) the order parameter
〈ψ〉 for all possible states of free bosons in three dimensions
with fixed density. We show the surface of this set corre-
sponding to Gibbs states of the ideal Bose gas for various
values of the temperature T and v ∈ R. The blue lines corre-
spond to RG flows through parameter space as indicated by
the black arrows while the black line corresponds to v = 0 and
displays a critical point A with critical exponent of 1/2 at a
critical temperature Tc [4]. Beyond this point a ruled surface
emerges, witnessing symmetry breaking and the occurrence
of Bose-Einstein condensation.
A natural question is whether a similar picture emerges
in the case of classical statistical physics. As opposed
to the non-commutativity of the terms in a quantum
Hamiltonian, classical phase transitions emerge as a con-
sequence of the competition between the internal energy
E and the entropy S in the free energy F = E − TS. As
the free energy is a linear functional of energy and en-
tropy, we expect similar convex sets as for the quantum
case when we make a scatter plot with respect to all pos-
sible probability distributions of the expectation values
of energy, entropy and the order parameter (see Fig. 2 for
the classical two-dimensional Ising model). Remarkably,
we obtain a very similar picture as for the quantum case.
The extreme points of the convex set now correspond to
expectation values for Gibbs states. Note also that pic-
tures involving temperature and/or pressure on the axes
would not make sense in this setting, as those quantities
are not defined for general probability distributions out
of equilibrium.
As a final example, let us consider a 3D quantum sys-
tem of free bosons in the continuum at finite temper-
ature where we expect to find Bose-Einstein condensa-
tion. Motivated by the above findings we plot the ex-
pectation value of the kinetic energy, the entropy, and
a U(1) symmetry breaking order parameter 〈ψ〉, with
respect to all possible wavefunctions to obtain a mean-
ingful convex structure (see Fig. 3). The extreme points
of this set correspond to Gibbs states of the Hamilto-
nian H =
∫
V
d3x 12m∇ψ†(x)∇ψ(x) − v[ψ(x) + ψ†(x)] at
fixed density ρ = 1, where again a symmetry breaking
term has explicitly been added. A ruled surface emerg-
4ing below the critical temperature beautifully signals the
onset of Bose-Einstein condensation, where the equilib-
rium state is not unique and can be parameterized by
a finite value of 〈ψ〉. Again, the critical exponent can
be extracted from the change of the orientation of the
tangent plane around the critical point.
In conclusion, we investigated the convex structure of
reduced density matrices of quantum many body systems
and marginal probability distributions of models from
statistical mechanics and illustrated how the concept of
symmetry breaking emerges very naturally through the
appearance of ruled surfaces at the boundaries of these
sets. As these sets exist without any prior notion of
an underlying Hamiltonian, this shows that the occur-
rence of symmetry breaking is encoded in the geometri-
cal structures of the convex sets of all possible RDMs or
marginal probability distributions. This picture seems
to capture all the thermodynamically relevant features
of many body systems in an extremely concise way. It
would therefore be very interesting to classify all possible
ruled surfaces that can arise on such convex sets.
Our work is very close in spirit to the original ground-
breaking papers of Gibbs [6, 8], which clarified that
phase transitions and the coexistence of different phases
can be understood in terms of non-analyticities in the
parametrization of the surface of thermodynamic dia-
grams, and to ideas developed in the context of N-
representability [10–13] for describing quantum phase
transitions in fermionic systems. It provides an explicit
construction of the famous thermodynamic surface of
Maxwell [7] for the case of classical and quantum spin
systems, and illustrates very concisely the mathematical
physics point of view of symmetry breaking as a break-
down of ergodicity [18]. It also complements the ideas
developed in [19, 20], where a systematic procedure for
finding order parameters was developed by contrasting
the RDMs of the low-lying excited states in finite size
quantum many body systems. Note however that the
starting point of our work is very different: we make
no a priori reference to a Hamiltonian, and just make
a scatter plot with respect to all possible many body
wavefunctions and/or probability distributions. Only the
choice of observables relates the obtained convex set to
the ground/equilibrium state properties of a correspond-
ing Hamiltonian. Finally, the works [21, 22] reported
on the convex structure of expectation values of sepa-
rable density matrices; in retrospect, those are the con-
vex sets obtained in the mean-field regime of an infinite-
dimensional lattice, as illustrated in Fig. 1(a).
One remaining open question is how topological phase
transitions in the ground states of two- and higher-
dimensional quantum systems fit in this description, as
these cannot be characterized in terms of local order pa-
rameters. The tensor network description of quantum
states might yield one possible resolution, as the topo-
logical order induces certain symmetries onto the virtual
boundary theory of the tensor network [23–25]. Topo-
logical phase transitions then correspond to symmetry-
breaking phase transitions in the virtual boundary theory
[26], i.e. in the structure of the fixed-point subspace of
the transfer matrix of the tensor network. These transi-
tions can thus be characterized in terms of a local order
parameter at the virtual level of the tensor network [27].
By bringing this virtual operator back to the physical
level, it can be associated to the non-local string order
parameters that characterize the topological phase [28].
When considering systems on a torus, the natural ap-
proach would hence be to plot the expectation value of
such a Wilson loop around the torus; the different ground
states in the topological phase can then be distinguished
by different values of this (nonextensive and nonlocal) or-
der parameter, and hence a ruled surface should emerge
at the topological phase transition.
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Appendix A: Numerical Data
In this section we give details on how the surfaces of the
convex sets shown in Figures 1-3 of the main text were
numerically obtained. For an approximation of the sur-
face for quantum spin systems by drawing scatter plots
of a large number of random states, see Sec. C.
a. Quantum spin-1/2 lattices. In Fig. 1 of the main
text, the surface of set (a) for d → ∞ was numer-
ically obtained using semidefinite programming: as a
consequence of the monogamy properties of entangle-
ment [1, 2] and the quantum de Finetti theorem [29],
this set is equivalent to the convex set generated by all
separable states [14, 21, 22]. For the particular case
of two S = 1/2 spins, separability is completely deter-
mined by semidefinite constraints [30, 31] and the sur-
face of the set can be obtained by minimizing the energy
E = −J 〈XX〉 − Bz 〈Z〉 − Bx 〈X〉 with respect to all
separable density matrices of two spins.
Set (b) for d = 1 was obtained by doing extensive
variational matrix product ground state calculations [32],
while set (c) for d = 0 was obtained by exact diagonal-
ization of a system of 2 spins.
b. Classical Ising model in 2D on a square lattice.
In Fig. 2, both the free energy per site F , local expecta-
tion values and the internal energy per site E of Gibbs
states were computed using tensor network state tech-
niques for transfer matrix renormalization in models of
classical statistical mechanics [33, 34], from which the
entropy per site was then evaluated as S = (E − F )/T .
c. Ideal Bose Gas in 3D at finite Temperature. The
system of an ideal Bose gas in the presence of a
5U(1)-symmetry breaking term can be solved analyti-
cally [35] and the thermodynamic extensive quantities
plotted in Fig. 3 are readily found to be 〈ψ〉 = − vµ ,
S = 52λ
−3F5/2(−βµ) − βµλ−3F3/2(−βµ) and Ekin =
3
2β2λ3F5/2(−βµ) with S being the entropy and the chem-
ical potential µ always chosen such that ρ = v
2
µ2 +
λ−3F3/2(−βµ) = 1. Further we have defined λ2 = 2pimT
and Fσ(x) =
∑∞
n=1 n
−σe−nx ∀x ≥ 0. At v = 0
the critical temperature is given by Tc(ρ) =
2pi
mλ2c
with
λ3c = ρ
−1F3/2(0).
The blue lines in Fig. 3 correspond to momentum-
shell RG-flows through parameter space, which can be
performed exactly [36]. For fixed particle density the
RG flow equations are found to be β(s) = β(0) e−2s and
v(s) = v(0) e
7
2 s for s ∈ (−∞,∞).
Appendix B: Additional Information on Fig. 1
In this section we give some additional informations
about the convex sets for 2-site spin-1/2 RDMs shown
in Fig. 1 of the main text. As mentioned there, in all 3
subplots the red line corresponds to J = 0, representing
separable ground states, and thus divides regimes of fer-
romagnetic (J > 0) and antiferromagnetic (J < 0) cou-
pling. Especially in (a) this line also marks the bound-
ary of the green ruled surface, which implies that there
is symmetry breaking for all values of the fields at J > 0
in d→∞ spatial dimensions.
In set (b), the corresponding order parameter for the
critical pointA′ is the staggered magnetization 〈(−1)iXi〉
and we would therefore need to add another axis corre-
sponding to that order parameter to observe the corre-
sponding ruled surface.
In all three sets, point B marks the endpoint of a bi-
furcation line corresponding to J = −1, Bx = 2 and
Bz → 0+, which leads up to a top (blue) plane. Espe-
cially for d = 1 the corresponding Hamiltonian
HTP =
∑
j
XjXj+1 −Bx
∑
j
Xj (B1)
is in fact classical and all eigenstates are product states in
the x-basis. One can easily see however that the ground
state is exponentially degenerate with growing system
size and the degeneracy is given by the Fibonacci se-
quence Fn+1 where n is the number of lattice sites. To
determine the edge of this plane we consider an infinites-
imal perturbation H1 = α
∑
j Xj + β
∑
j Zj away from
this point, with α, β  1 and project this perturbation
onto the Fibonacci subspace
Hp =
∑
i
[1 +Xi−1] [αZi + β (Xi − 1)] [1 +Xi+1] .
(B2)
The points on the edge of the top blue plane then cor-
respond to ground states of this projected Hamiltonian
Figure 4. Scatter plot of observables of random states on a
lattice of S = 1/2 spins in d = 1 dimensions, together with
the surface shown in Fig. 1(b) of the main text. Here we
explicitly plot both upper and lower half of the convex set
for the sake of completeness. The black dots correspond to
observables of single random quantum states with moderate
entanglement. It is clearly visible how the green ruled surface
emerges as two distinct lobes in the scatter plot of random
states.
in the case of d = 1 spatial dimensions. In other words,
for all values of α, β we seek linear combinations of states
within the degenerate ground state subspace which max-
imize the magnetization along the direction (α, 0, β).
This plane has the same orientation but slightly differ-
ent boundaries in all three cases. Note that the surface
of (b) lies in between the surfaces of the two extremal
cases (a) and (c), which again reflects the further restric-
tions on the convex sets of all possible RDMs imposed by
additional symmetry constraints.
Any set obtained for a finite one-dimensional chain of
N spins would look similar to (c). With increasing N
the surfaces of these sets will be gradually deformed to
asymptotically yield the surface of set (b) as N → ∞,
i.e. only in this limit will the green ruled surface and
thus symmetry breaking emerge.
Appendix C: Scatter Plot for one-dimensional
Quantum spin-1/2 lattices
In Fig. 4 we show a scatter plot of observables of ran-
dom states on a lattice of S = 1/2 spins in d = 1 di-
mensions, together with the surface already shown in
Fig. 1(b) in the main text. The points in the plot were
obtained by generating a large amount of random infi-
nite matrix product states [37] of low matrix dimension
D = 2 − 10, drawn from the unitary ensemble [38] and
measuring the corresponding observables. The plot gives
a beautiful practical demonstration of the procedure out-
lined on the first page of the main text. There it is argued
that a scatter plot generated from drawing random states
and calculating expectation values of local observables
6from (in this case) the 2-site RDM produces a convex
set, whose surface is given by points corresponding to
ground states of a family of Hamiltonians defined by the
chosen collection of observables (in this case Eq. (2) from
the main text). For a given set of Hamiltonian parame-
ters, any points inside the set correspond to 2-site RDMs
from (superpositions or mixtures of) excited states with
respect to that Hamiltonian.
The surface shown in Fig. 1(b) of the main text is
asymptotically obtained by taking the convex hull of the
data points generated from a larger and larger amount of
random states with varying bond dimension. Fig. 4 how-
ever shows that moderate bond dimensions of D = 2−10
already yield a very good approximation of the true sur-
face. The scatter plot also beautifully shows how the
ruled surface emerges from the cloud of random data
points in the form of two distinct lobes in the vicinity
of the green ruled surface with hardly any points in be-
tween, whereas away from the the ruled surface the data
points are distributed fairly homogeneously. We observe
that this is the characteristic geometric phenomenon for
the occurrence of symmetry breaking in terms of a ran-
dom scatter plot.
Appendix D: Order Parameter Optimization
It is argued in the main text that in the case where the
order parameter with maximal symmetry breaking is not
known, one can still use a random observable, which will
in general have a finite overlap with the true order pa-
rameter. Using this observable as an additional axis will
thus yield a convex body showing a ruled surface, albeit
not with maximal extent. One can then optimize over
all possible observables of that type to find the observ-
able which maximizes the extent of the ruled surface and
thus corresponds to the order parameter with maximal
symmetry breaking.
We demonstrate this procedure in the case of the quan-
tum Ising model
H = −J
∑
〈i,j〉
XiXj −Bz
∑
i
Zi. (D1)
We assume the order parameter to be a local one-site ob-
servable and thus optimize over all possible linear combi-
nations of Pauli-matrices X, Y and Z, with fixed spectral
radius [39]
As the observable Z however is already present in the
Hamiltonian itself, it is enough to consider only linear
combinations of X and Y . We thus define the one-
parameter family of observables
O(Θ) = cos(Θ/2)X + sin(Θ/2)Y, 0 ≤ Θ < pi. (D2)
and draw convex sets from random states, using 〈O(Θ)〉
as a third axis, and vary Θ. Fig. 5 shows instances of
these sets, together with their convex hulls, for certain
selected values of Θ, all generated from the same col-
lection of random states that was also used to generate
Fig. 4. It is clearly visible that the ruled surface in the
form of a distinct lobe structure is most prominent for
O(Θ = 0) = X, whereas there is absolutely no signature
of a ruled surface for O(Θ = pi) = Y .
To quantify the extent of the ruled surface emerging in
these plots we calculate the maximum distance
dmax = max〈ij〉
|xi − xj |, (D3)
where xi and xj are neighboring points on the convex hull
of the set. This quantity is naturally maximized when
the optimal order parameter with maximum symmetry
breaking is used as a third axis and is plotted against Θ
for the present case in Fig. 6, where dmax shows a definite
maximum at Θ = 0.
As visual characterization in terms of ruled surfaces be-
comes especially hard for convex sets in more than three
dimensions (i.e. with more than three observables), (D3)
can serve as a good quantity to detect ruled surfaces also
in these cases.
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